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Abstract. We study the microlocal structure of the resolvent of the semi-classical Schrodin- 
ger operator with short range potential at an energy which is a unique non-degenerate global 
maximum of the potential. We prove that it is a semi-classical Fourier integral operator 
quantizing the incoming and outgoing Lagrangian submanifolds associated to the fixed hy- 
perbolic point. We then discuss two applications of this result to describing the structure of 
the spectral function and the scattering matrix of the Schrodinger operator at the critical 
energy. 



1. Introduction 
We consider the semiclassical Schrodinger operator 

(1.1) P = P + V, P = -^h 2 A, 0</t<l, 

where V E C°°(R n ; R), n > 1, is a short range potential, i.e., for some p > 1 and all a E N n 

(1.2) \d a V(x)\ < C a (x)- p -W, x G R n . 

Then P and Po admit unique self-adjoint realizations on L 2 (R n ) with domain H 2 (R n ), that 
we still denote P and Po- I n this paper, we are interested in the microlocal structure of the 
resolvent and of the spectral measure of P, as well as that of the scattering matrix, at energies 
which are within 0(h) of a unique non-degenerate global maximum of the potential. More 
precisely, we show below that they are semiclassical Fourier integral operators (for short h- 
FIOs). We confer to Appendix [A] and to the references given therein for a short presentation 
of the theory of such operators. 

The resolvent 1Z{E ± iO) can be defined thanks to the limiting absorption principle which 
states that, for E > and when a > ^, the limit 

TZ(E ± iO) = lim(P - (E ± ie))' 1 

e\0 

exists in B(L 2 a (R n ), L 2 _ a (R n )), where L 2 a (R n ) = {/; (x) a f(x) G L 2 (R n )}. We denote d£ E the 

spectral measure of P. The spectral function is the Schwartz kernel of , and can be 

dE 

represented through the well-known Stone formula 

(1.3) ^ = A__ ( n {E + io)-n(E-io)), e>o. 
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The scattering matrix S(E) is defined by means of the wave operators. We recall that 
under the assumption (jl.2p . the wave operators, defined through the strong limits in L 2 , 

(1.4) W± = s-lim e - itp / h e itp o/h 

t— >±oo 

exist and are complete. The scattering operator is then defined as S = W*W- : L 2 (M n ) — > 
L 2 (M n ), and S(E, h) : L 2 (S nr - 1 ) -» L 2 (S n " 1 ) is given by 

/•e 

5= / F (E,h)~ 1 S(E,h)F (E,h)dE 
Here Fq(E,K) denotes the bounded operator from L 2 (M ra ), a > 1/2, to L 2 (S n_1 ) given by 

(1.5) (F {E,h)f)(u) = (2Trhy n / 2 {2E)^ [ e~ iV2 ~ E ^/ h f{x)dx, E > 0. 

Notice that most of the results on the scattering matrix are given for the operator 

(1.6) T(E,h) = ^-(Id -S(E,h)), 
or for the scattering amplitude 

(1.7) A(E,h)=c K T{Eih) , 

where we denote i^r(S,/i) the Schwartz kernel of the operator T(E, h) and 
c = c {n,E,h) = -27r(2E)-^- 1 ^ i (2TTh) ( ' n ~ 1 ^ 2 e- i ^ 3)w/i . 

The semiclassical behavior of the spectral function for Schrodinger-like operators has been 
studied extensively. Popov and Shubin [21], Popov [20J, and Vainberg [28] have established 
high energy asymptotics for the spectral function of second order elliptic operators under the 
assumption that these energies are non-trapping: 

Definition 1.1. The energy E > is non-trapping if for every (x,£) E p~ 1 (E) C T*M n we 
have 

lim I exp(tH p )(x, £)| = oo. 

t— >±oo 

Here p(x, £) = ^£ 2 + V(a;) denotes the principal symbol of P, and 

H f dp d dp d 

is its associated Hamiltonian vector held. 

Robert and Tamura [26J consider the spectral function for semi-classical Schrodinger oper- 
ators with short range potentials and establish asymptotic expansions at fixed non-trapping 
energy, and at non-critical trapping energies in the sense of a distribution. 

The microlocal structure of the spectral function has also been analyzed. In |29j Theorem 
XII. 5] Vainberg establishes a high energy asymptotic expansion of the spectral function for 
compactly supported smooth perturbations of the Laplacian assuming that the energy 1 is 
non-trapping. This asymptotic expansion is expressed in the form of a Maslov canonical 
operator. 



RESOLVENT AND SCATTERING MATRIX AT THE MAXIMUM OF THE POTENTIAL 



3 



C. Gerard and Martinez [IT] have proved that the spectral function for certain long-range 
Schrodinger operators at non-trapping energies E is a /i-FIO associated to the canonical 
relation (u 4e R graph exp(£Hp)| p -i(_g)) . Near the diagonal {(x, £,£,£); p(x,£) = E} they also 
give the following oscillatory integral representation of the spectral function 

e E (x, y, E, h) = - J— / e W*wM h a{x, y, u, E)dw, 

(2lTh) n Jsn-l 

where ip G C°°(R 2n x S"" 1 ) is such that 

(|) 2 + ^) = ^, %\ {x _ y ^ = VE^W)^ ^=0. 

In [3| the first author has studied the microlocal structure of the spectral function restricted 
away from the diagonal in R n x R n at trapping energies under the assumption of the absence 
of resonances near the real axis, as well as at non-trapping energies. In these cases the 
spectral function is shown to be an fa-FIO associated to (Ui 6 R graph exp(tH p )\ p -ir E \) near a 
non-trapped trajectory. Under a certain geometric assumption [1] also gives an oscillatory 
integral representation of the spectral function of the form 

e E (x,y,E) = j e iS ^' h a(x,y,t)dt, 

where 

S(x,y,t)= [ (has)\ 2 + E-V(x(s)))ds, 
Jl(t,x,y) xz J 

is the action over the segment l(t,x,y) of the trajectory which connects x with y at time t 

n+3 

and a G S 2 * +l (l). 

The structure of the resolvent in various settings has been studied in [3], [5], and [13] . 
For compactly supported and short range potentials, the resolvent has been shown to be a 
/i-FIO associated to the Hamiltonian flow relation of the principal symbol of P restricted to 
the energy surface in [3] and [5]. Hassell and Wunsch have studied in [13] the resolvent on 
asymptotically conic non-trapped manifolds. This class contains in particular some asymp- 
totically Euclidean spaces after compactification. They prove that the Schwartz kernel of the 
resolvent is a Legendrian distribution, that is, roughly speaking, a semiclassical Lagrangian 
distribution where the semiclassical parameter is the distance to the boundary. 

The semiclassical behavior of the scattering amplitude has also been of significant interest 
to researchers in mathematical physics. It is well known that A(E, h) satisfies A(E, h) G 
C°°(S n_1 x S n ~ 1 \ diag(S n ~ 1 x S n_1 )). Several authors have proved asymptotic expansions for 
A(E,h), showing in particular a direct relation with the underlying classical mechanics. 

To describe these results, let us recall that, for (a, b) G T*R n \ {0} = R n x R n \ {0}, there 
is a unique bicharacteristic curve (i.e. an integral curve of H p ) 

(1.8) 7±{t,a,b) = (x±(t,a,b),£±(t,a,b)), 

lim \x±(t, a, b) — bt — a\ = 

t— >±oo 

lim \C ± (t,a,b)-b\=0. 



such that 
(1.9) 
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Moreover 



(1.10) 



j T*R n \ {0} — ► T*M n 
\(a,b) 7 (0, a, b) 

is a C°° symplectic diffeomorphism onto its image (see \2A\ Section XI.2]). 

On the other hand, if a bicharacteristic curve [x(t, p),£(i, p)) = exp(tH p )(p) of positive 
energy satisfies \x(t,p)\ — ► +oo as t — > +oo, there is (xoo,(m) = Oeoo(/0>£oo(a>)) £ T*M n such 



that 
(1.11) 

In that case 
(1.12) 



lim \x(t,p) — £oot- aJoo| = 0, 

t— >+oo 

lim \((t,p) -Cool =0. 

t— >+oo 



Z(p) =Xoo - {Xoo^oo)—^ G 6 



r- Wi'il — J 

l£oo| 2 



are called the outgoing (asymptotic) direction and outgoing impact factor, respectively. 

In particular, for given E > 0, a G § ra_1 and z G a -1- (the impact plane), we define 

(1.13) -y±(t,a,z,E) = {x±(t,a,z,E),£±{t,a,z,E)) := >y±(t,z,y/2Ea). 

If for some (oj,Z-) G T*S n ~ 1 , we have \x- (t, u, z_ , E)\ — ► oo as t — ► +oo, we denote 
Xoo (u,Z-,E), (u,Z-, E) the quantities defined through (11 . 1 If) for the curve ^-{t,oj,z^,E). 
We also denote 

(6 = 9(u,Z-,E) = 9(7_(0, 
) z + = z+(v,z-,E) = Z(j-(0,u;,Z-,E)), 



[l.U) 



and we shall say that the trajectory 7_(i, u, E) has initial direction u and final direction 
9, or that it is an (u, #)-trajectory. 

Definition 1.2. The outgoing direction 9 G § n_1 is called regular for the incoming direction 
oj G S n_1 , or u-regular, if 9 ^ w and, for an 1 z' G lo 1 - with ^(uj, z' , E) = \/2E6, the map 
u! 1 - 3zh Coo (^5 -2, -S) G S n_1 is non-degenerate at z' , i.e. a(z') ^ where 

d(z') = | det^^uj, z',E), <9 zi £oo(w, z',E), . . . , d^^iu), z', E))\. 

Under the assumption that a certain final direction 9 is regular for a given initial direction 
u, it has been shown that 

I 

(1.15) .4.(£,/t)(0,a;) =^a(a;,2; j ,£;)- 1 / 2 exp(i/i- 1 5 , i -i/i J -7r/2) + 0(h), 

where 
and 



i^-); =1 = (C 1 (^^-,^))W, 

/oo 
( |£_ (t , uj, zj , £) | 2 - 2E) (it - (xoo (w, , £) , V2E9(lo, Zj , £)) 
-oo 
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is a modified action along the j-th (lo, #)-trajectory, and fij is the Maslov index of that tra- 
jectory. Such a result has been obtained by Vainberg [28], who has studied smooth compactly 
supported potentials V at energies E > sup V. Guillemin [12] has established a similar as- 
ymptotic expansion in the setting of smooth compactly-supported metric perturbations of the 
Laplacian. Working with trapping potential perturbations of the Laplacian satisfying (|1.2p 
with p > max (l, ^p-), Yajima [31] has proved such an asymptotic expansion in the L 2 sense. 
For non-trapping short-range (p > 1) potential perturbations of the Laplacian, Robert and 
Tamura [27] have proven that (|1.15p holds pointwise. Their result has been extended to the 
case of trapping energies by Michel [19] under an additional assumption on the distribution 
of the resonances of P. 

First to study the microlocal structure of the scattering amplitude was Protas [22] . He has 
shown that at non-trapping energies and for fixed initial directions the scattering amplitude is 
a Maslov canonical operator associated to some natural Lagrangian submanifolds of T*S n_1 . 
This representation of the scattering amplitude is shown to hold uniformly in an open set 
containing the final direction and disjoint from the initial direction. 

In [3] and [5] the first author has proved, without making the non-degeneracy assumption, 
that for short-range Schrodinger operators satisfying a polynomial estimate for their resolvent, 
the scattering amplitude is an /i-FIO associated to the scattering relation microlocally near a 
non-trapped trajectory. The scattering relation for a short range potential at an energy E > 
is defined near a non-trapped trajectory as follows. If 70 : 1 1— ► 7_(t, u>o, Zo, E) is non-trapped, 
there exists an open set U C T*§ n with (uq,Zo) £ U such that for every (u,Z—) £ U the 
trajectory 1 1— ► 7_(i, z,ujq, E) is non-trapped. The scattering relation near 70 is given by (see 
Figure [Q) 

(1.17) SK(E) = {(e(u,Z-,E),-V2Ez+(uj,Z-,E),u,-V2Ez-)] (lj,Z-)eU}, 

where 6 and z + are defined in (11.140 . 

It is also explained in [3] how the expansion (|1.15p follows from this result once the non- 
degeneracy assumption on the initial and final directions is made. The asymptotic expansion 
obtained is more general than the one given in (11.151) in that it holds microlocally near (u, 9) 
trajectories and not only for fixed initial and final directions. 

In the context of scattering on manifold with boundary, Hassell and Wunsch [13] have 
shown that the scattering matrix at non-trapping energies is a Legendrian-Lagrangian distri- 
bution associated to the total sojourn relation. In [30], Vasy has also studied the scattering 
matrix on asymptotically De Sitter-like spaces (a large class of non-trapped spaces with two 
asymptotically hyperbolic ends). Under the assumption that the bicharacteristic curves go 
from one end to the other, he has proved that the scattering matrix is a FIO associated to 
the natural relation between these two ends. 

In this paper we continue the study of the scattering matrix for energies which are within 
0(h) of a unique non-degenerate global maximum of the potential. In that setting, in the one- 
dimensional case, the scattering matrix is a 2 by 2 matrix, and the semiclassical expansion 
of its coefficient has been given by the third author in [23]. The computations there rely 
on complex WKB constructions for the generalized eigenfunctions, as well as a microlocal 
reduction to a normal form near the maximum point. 

For such a critical energy, we have already studied the scattering amplitude in the n- 
dimensional case: In [6], we have established the semiclassical expansion of the scattering 
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Figure 1. The scattering relation consists of the points 
(0, —\ / 2Eqz + ,uj, —\J2Eqz_) related as in this figure. 

amplitude. In that paper, we use Robert and Tamura's formula (see (|4.6p below) for the 
scattering amplitude. This formula itself relies on Isosaki and Kitada's construction of a 
suitable approximation for the wave operators, and, roughly speaking, reduces the problem to 
that of the description of generalized eigenfunctions in a compact set. To do so, we essentially 
follow the study in [7], to obtain such a description in a neighborhood of the critical point. 

In the present paper we describe the microlocal structure of the spectral function and of the 
scattering matrix at such energies. More precisely we show that they are /i-FIO's associated 
to quite canonical relations. To the contrary of [6], we do not suppose the non-degeneracy 
assumption, and we state no geometrical assumptions concerning the behavior of the incoming 
and outgoing stable manifolds at infinty. However the results below are valid in a somewhat 
smaller region of the phase space. Of course one recovers parts of the results of [6] in that 
smaller region once the geometric assumptions alluded to above are made. 



We suppose that the potential V is a short-range, C°° function on R n (see (|1.2p ). and we 
make the following further assumptions: 

(Al) V has a non-degenerate global maximum at x = 0, with V(0) = Eq > 0. We can 
always suppose that 



2. Assumptions and main results 




n 



A? 
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Then, the linearized vector field of H p at (0, 0) is 

d (0,0)^=( diag(A 2°.. 5A 2 ) o d ). 

and, by the stable/unstable manifold theorem, there exist Lagrangian submanifolds A± of 
T*R n (see Figure ED satisfying 

A± = G T*M n ; exp(t# p )(x,£) (0,0) as t -» ^oo} Cp -1 (^) 

Notice that the assumptions fAiJ and (^-A^j imply that V has an absolute global maximum 
at x = 0. Indeed, if C = {x ^ 0; V{x) > Eq} was non empty, the geodesic, for the 

1/2 

Agmon distance (Eq — V(x)) + dx, between and C would be the projection of a trapped 
bicharacteristic (see [IJ Theorem 3.7.7]). 




Figure 2. The incoming A_ and outgoing A + Lagrangian submanifolds 

We recall from p3| that if p± G A± and (x±(t, p±), £±(i, p±)) = exp(tH p )(p±) is the 
bicharacteristic starting from p±, then for some g± G C°° (A±;lR n ) and e > 0, 

z±(t; P±) = 5±(p±)e ±Al * + 0(e ± ( Al+£ ) t ) as f -> T oo. 

We let 

A ■ x A = {(p+,p_) G A+ x A_; (5+(p+),5-(P-)) + 0}, 
and define A_ x A + analogously. 

Remark 2.1. The reader may notice that if A2 > Ai, then, by [U (6.96)], the vectors g±{p) 
are for any p collinear with (1, 0, . . . , 0) G R n . Therefore, A + x A_ = A + \ A + x A_ \ A_, 
where A± = {p G A±; g±{p) = 0}. We recall from [7] that in this case dimA± = n — 1. 

Our main result is the following 

Theorem 2.2. Assume (Al) and (A2). Let E = E + hE x , with E\ G] - C ,C Q [ for some 
Co > 0. Then, microlocally near any (p + ,p_) £ A + x A_ we have 

a, 

1- 



K(E + *0) G X ft 2X1 (M n x R n , A+ x A_') , 
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and, microlocally near any (p_,p + ) G A_ x A + , 

K(E - iO) G l h 2X1 (W 1 x R n , A_ x A+') . 

Concerning the spectral function, using Stone's Formula (jl.3|> . we obtain immediately the 

Corollary 2.3. Assume (Al) and (A2). Let E = E + hE x where E\ g] - C , C [ for some 
Co > 0. Then the spectral function at the energy E satisfies, microlocally near (pi,/J2) G 
A + x A_ U A_ x A + , 

e B G J ft 2Al (M n x M n , A+ x A_ U A_ x A+') . 

Now we pass to our result concerning the scattering matrix. We denote (see Figure [2]) 

A^° = {(9,-^2E~ z + ) G T*^- 1 ; 7+ (t, z+,8, E ) G A+}, 

A^° = {(^,- V / 2^Z-) G r*S n - x ; j-(t,u>,Z-,E ) G A-}- 

Notice that A^? are submanifolds of 7"*§ n_1 f dimension n — 1, since the map 1— > 

7±(0, a, z, i£) is a C°° diffeomorphism. We set also 

( 9+ ( 1+ (0,z+,e,E )),g^(0,uj,z-,E ))) ^ 0}. 

Theorem 2.4. Assume (Ai,) and (A^j. Let £ = £ + with £?i G] - C ,C [ for some 
C > 0. Then, if uj / 9, microlocally near (9, ^/2E^z + ,lu, y/2E^Z-) G A^Ta°°, 

G J ft 2 2Al (S^ 1 x S"- 1 , A^° x A 00 '). 

For potentials V with compact support, this result can be extended to the case u = 9. In 
fact, for such potentials there exists a nice representation of the scattering matrix which is 
valid even for uj = 9 (see [3j Equation (46)]). 

Notice that, near non-trapped trajectories, our proof here gives the following improvement 
of [5] Main Theorem] for what concerns the order. The order is here optimal as shown by the 
results of the paper [27]. Of course, one can obtain analogous results concerning the resolvent 
or the spectral function (see (|4.23p ). 

Theorem 2.5. Suppose (jl.ip . Q1.2|) . E$ > and, for some a > 1/2 and some N G M, 

\\K(E + iO)|| B(L 2 {M „ )iL 2 Q(Rn)) = <D(h N ). 

If (w,z-) G T*^- 1 is such that 7_(i, w,z_,i?o) J s non-trapped, then, microlocally near 
(9(u>, z_, Eq), \J2Eqz + (uj, z_,Eq),uj, yj2E$zJ), provided uj 7^ 6(u>, Z-, Eq) we have 

S(E ,h) G J^S™- 1 x § n -\sn{E )'). 

This paper is organized as follows. We prove Theorem l2.2l in Section [3Al and in Section r3.2l 
we give the microlocal representations of the resolvent and the spectral function implied by 
Theorem 12.21 In Section T4. 21 we prove Theorem 12.41 using the representation of the scattering 
amplitude presented in Section |4*TT1 We sketch the proof of Theorem [23] in Section B~3l We use 
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Figure 3. The scattering relation x A^° consists of the points 

(6, —\/2Eqz + ,uj 1 —\J2Eqz_) related as in this figure. 

Theorem 12.41 to deduce an oscillatory integral representation and an integral representation 
of the scattering amplitude in Section Lastly, in Appendix [A] we review the notions from 
semi-classical analysis most relevant to this work. 



3. The resolvent as a semi-classical Fourier integral operator 
3.1. Proof of Theorem [2721 

We shall prove that TZ(E+iO) G l h 2X1 (M. n xR n , A + xAJ) microlocally near (p + , p_) G 

A + x A_. The proof in the case of the incoming resolvent 1Z{E — iO) is analogous, and we 
omit it. The resolvent estimate from [61 Theorem 2.1] 

(3.1) \\ n ( E ±n)\\ B{ a 0_j=o(y^\ fora>i 

and Lemma 1] give that K n(E±i0) G S' h (M. 2n ). Let a ± G C$°(T*R n ) be supported near p±. 
We consider 

1 = Op(a + )K(E + iO) Op(a~). 
Proposition 3.1. There exist T\ > and \ G Cq°(]0, +oo[) such that 

,3,, X . 0pK ) ( ' / xWe ~™ rft ) Ota-) + R, 

where \\R\\ B {l^l^ = 0(h°°), the symbol G ^((x)- 00 ^) -00 ) is given by 

Op(a+) = e iTl ( p - B )/ /l Op(a+)e- iTl ( p - £ )/ h , 

and G 2"^ 2Al (M n x M n , A + x A_') is given by Theorem 2.6] and Remark 2.7]. 
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It is possible show a better estimate for the remainder term R. In fact, we have 
for any N G R. 

Proof. Since (p + ,p_) G A + x A_, one can find T\ > such that p\ = exp(— TiH p )(p + ) 
belongs to A + \ A + (p_) and is as close as needed to (0,0). We have 

Op(a + )K{E + iO) Op(cT) = e - iT ^ p ~ E )l h Op(a+ i y Tl ^ p - E ^ h TZ(E + iO) Op(a~) 

(3.3) =e -m(P-B)A 0p (a+ )n{E + iO)e iTl t^/* Op(a"). 

We denote /C = 7^(7? + iO)e iT ^ p ~ E ^ h Op(a"). First we observe that 

(P - £)/C = e iTl{p - E)/h Op(oT) = microlocally near (0, 0), 

and we want to apply the results of [7] in order to compute /C microlocally near (0,0). Here, 
and in that follows, we say that an operator A is microlocally near V C T*M. n (respectively 
p G T*R n ) when there exists G 5(1) with (5 = 1 in a neighborhood of V (respectively p) 
such that 

||0 P (/3)A|| B(i2 ^ 2) = C(/ i °°). 

To that end, we need to know /C microlocally near S = {(x,£) G A_; |x| = e} for some given 
e > small enough. 

We choose P > such that e tT i( p - E )/ h Op(a _ ) is microlocally out of B(0,R). One can 
easily see that there exist T > and a neighborhood C/ of 5 in T*K n , such that 

V/9 e 17, Vt > T, exp(-tH p )(p) $ B(0, R) x M n . 

Now we have 

£ = * T e -it(P-B)/h e iT l( p-£0//. Qp(a-) eft + e- iT ( p - £ )/^, 
Jo 

and we claim that the second term of the right hand side vanishes microlocally in U. Indeed, 
as in [6l Section 5], one can show that e %T<yP ~ E ^/ h K, is microlocally in some incoming region 
r_(i?o> 0") d), where we use the standard notation 

(3.4) T±(R,d,a) = {(x,£) G R n x R n ; \x\ > R, d~ l < |f| < d, ±cos(x,() > ±a}, 
for incoming and outgoing regions. Moreover we have 

(P - E)e~ lT{ ~ p - E V h K = e -iT(P-E)/ hel T l{ p~E)/h 0p(a - } = 0> 

microlocally in U 4 >o exp(— tH p )U, and the claim follows by a usual propagation of singularity 
argument. 

Thus we have, with the notation of Section 2], microlocally near p\, 

K(E + i0y T ^ p - E y h Op(a-) = J(E) Q jfV it < p - JS >/* dt\ e^( p - £; )/ /l Op(a_). 

Finally, we notice that there exists 5 > such that, for any \ £ Cq°(]0,T[) with x = 1 on 
[5, T — 5], we have, microlocally near pi, 

K(E + i0)e iT ^ p - E y h Op(a-) = J(E) ( % -( x{t)e^ p ~ E ^ h dt] ^ p ~ E )/ h Op(a_). 
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Indeed, by Egorov's theorem, e - lt ( p - E )/ h e tT i( p - E )/ h Op(a~) is microlocally in U for t < 5 
and t > T — 5, provided 5 is small enough. The proposition then follows directly from (13. 3p 
with a remainder term R = 0(h°°) in B(L 2 , L 2 ). □ 

Now it remains to show that all operators above compose as /i-FIOs. We shall use several 
lemmas and we begin with the usual approximation of the quantum propagator. 

Lemma 3.2. For any i 6 1, e -tt(P-E)/h ^ a fo.pjQ Q f order associated to the canonical 
relation 

At = {(x,Z,y,r,) G T*R n x T*M. n ; (x,£) = exp(tH p )(y, V )}, 
uniformly for t in a compact. 

Proof. For t small enough, it is well-known that one can write the kernel K of the operator 

e -*t(P-E)/h ag 

K = — i— [ e -i{9{t,xfi)-y.e+tE)/h , t q h) ^ 

(2vr/i)« 7 R n V ; 

modulo an operator 0{h°°) in B(L 2 ,L 2 ) uniformly for t in a compact. See e.g. Proposition 
IV-30 in Robert's book |25j or Theorem 10.9 in the book of Evans and Zworski |10j . Here <p 
is a non-degenerate phase function, which satisfies the eikonal equation 

(3.5) tp' t +p(x,<p' x ) =0, 
and (see Proposition IV-14 i) of |25j) 

(3.6) (x,ip' x ) = exp(tH p )(ip' ,O). 

This gives the lemma for t small enough. For other values of t, Robert uses the following 
trick. For some k £ N large enough, one can write 



k 

n 

3=1 



e -it(P-E)/h _ TT e -it(P-E)/kh_ 



It is then easy to see that these operators compose as /i-FIOs, and that the result is associated 
to At and of order 0. □ 

Lemma 3.3. Let a G Cg°(T*]R n ) be such that H p (x,£) / for all (x,£) G suppa np _1 (E ). 
There exists 5 > such that, for any X € C^(]0,S[), the operator C : L 2 (R n ) -> L 2 (R n ) 
defined by 



C = ~f X {t)e- it{p - E)/h dtOp(a), 



is a h-FIO with compactly supported symbol of order 1 /2 associated to the canonical relation 
k a ,x( E o) given by 

A a , x {E ) = {(x,Z,y,rj) G T*M. n x T*R n ; p(y, V ) = E , (y,r/) G supp(a) + B(0, e), 

and 3t G suppx+] - £,e[, (x,£) = exp(tH p )(y, rf)} , 

for any e > 0. 
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Remark 3.4. Note that A a y(Eo) is not a closed Lagragian submanifold. Nevertheless, there 
is no point here since the support of the symbol of the h-FIO does not reach the boundary 
of A Q)X (£'o) for any e > 0. In particular, the parameter e plays no role. It would be natural 
to write that the canonical relation of this h-FIO is A(Eq) given by 

A(J?o) = fe^,i))GTTxTT; p(x,0 = E , 3t G R, = exp(tH p ){y,ri)}. 

However, since the Hamiltonian how vanish at (0,0), A(Eq) is not a manifold. Of course, in 
the non trapping case, there is not such difficulty and A a>x (Eo) can be replaced by A(Eq). 

Proof. As in Lemma 13.21 we have, modulo an operator 0(h°°) in B(L 2 ,L 2 ), 

K c = (27r)w \ w+1 JJx^^^+^y^^b^y^dtdB, 

and we consider (t,9) as phase variables. Here, e ttEl x(t)b(t,x,y,9,h) ~ ^2jbj{t,x,y,9)h^ is 
a classical symbol of order and has compact support in t,x,y,9 with U y ^ supp(e ltEl xb) C 
supp(a). We have to show that the function $ : K" x I™ x M n+1 — ► R given by 

y, (i, 9)) = <p(t, x,9)-y-9 + tE , 

is a non-degenerate phase function. We denote 

C$ ={{x,y,t,9) G supp(xfe); *t(t,fl,a;,i/) = 0, & (t,6,x,y) = 0} 

={(x,y,t,6») G supp(xfe); ^ + -E = 0, <p' e = y}, 

the critical set of the phase $ intersected with the support of the symbol. We have to show 
that at any point (x, y, t, 9) of C<j>, the matrix 

/ d& t (x,y,t,0) \ ( < 4 (fa <p'i x \ 
^ d$' e (x,y,t,9) J <4 fi vl x -Id J' 

is of maximal rank. The bottom n rows are clearly independent and it is enough to prove 
that the first line does not vanish on the compact C$. Assume that the first line vanishes at 
some point of C$. At this point, (y, 9) G supp(a), (p' t + Eq = and ^ = y. Differentiating 
()3.6p with respect to i, we obtain 

(0, v'i,x) = H p (exp(tH p )(tp' e , 9)) + d^^) exp(tH p )(<p'l 6 , 0), 

and then 

H p (exp(tH p )(y,9)) = (0,0). 
Since (d( Si £) exp(tHp)) (H p (x, £)) = exp(tH p )(x, £)) , we deduce 
(3.7) F p (y,0) = (O,O). 

Moreover, from ^ = y, (|3.6p . the eikonal equation (|3.5p and <^ + E?o = we have 

p(y, 9) = p(ip' e , 9) = p(x, ip' x ) = -ip' t = E . 

But since (y,6) G supp(a) and H p does not vanish on suppanp~ 1 (£'o), this contradicts (|3.7p . 
Therefore, $ is a non-degenerate phase function and C is an /i-FIO with compactly supported 
symbol associated to 

A* ={(x,& x (x,y,t,9),y,-$ y (x,y,t,9)); (x,y,t,9) G C$} 

={(x,^(t,x,6l),?/,6'); ^ + ^0 = 0, ^ e = y, (x,y,t,9) G supp(x&)} <s A ajX (i?o), 
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thanks to the equations (|3.5p and (|3,7p . From Definition IA.4|, we obtain that the order of this 
h-FlO is 1/2. □ 

We are now able to prove the following 

Lemma 3.5. Let a G Cg°(T*M n ) be such that H p (x,£) / for all (ar,£) G suppa np _1 (Eo). 
For any X G Cg°(]0, +oo[), the operator C : L 2 (R n ) -> L 2 (M n ) defined by 



C= % -j X (t)e~ it{P ~ E)/h dtOp(a), 



is a h-FIO with compactly supported symbol of order 1/2 associated with the canonical 
relation A a>x (Eo) given by 

A a , x (£ ) ={(x,£,y,r?) GTYxTX; P (y, V ) = E , (y, n) G supp(a) + 5(0, e), 

and 3t G suppx+] -e,e[, = exp(tH p )(y,r})}, 

for any e > 0. 

Remark 13.41 still applies here and one can, formally, replace A QjX (£'o) by A(Eq). 

Proof. For 5 > small enough so that Lemma [3731 applies, we can find \ £ C§°(]0, 5[) so that, 
for some v > 0, 

- ^) = l- 

fceN 

We have, for some G N, 

- .A 

£= ^E/ x(t)x(*-^)e- it(P - B)/ ^Op(a) = ^ / ~ vk)e^ p -^/ h dt Op(a) 

fceN ^ fc=o 

A 



fc=0 

Using that the operator in Lemma 13.31 is a /i-FIO with compactly supported symbol and the 
Egorov theorem, we can find (3, 7 G Co°(T*]R n ) such that 

. A 

£ = 1 Yj Op(p)e- iuk( - p - E ^ h Op( 7 ) o / x (t + uk)x(t)e-^ p ~ E ^ h dt Op(a) + fl, 

fc=0 

where i? = in B(L 2 ,L 2 ). From Lemma ESI 

Op09)e- i " fc ( J> -^/ h Op(7) G 2£(M n x R n ,A fc ') 

with compactly supported symbol. 

To finish the proof, it is enough to compose this operator with the /i-FIOs described in 
Lemma [3. 2 i Since A& is given by a canonical transformation, A& x A ajX (t+vk)x(t)(-Bo) intersects 
T*R n x diag(T*M n x T*R n ) x T*R n transversally (cleanly with excess e = 0). Then, using 
Theorem IA.7|, they compose as /i-FIOs with compactly supported symbol of order 1/2 with 
canonical relation 

Summing over k, we obtain the lemma. □ 
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Proof of Theorem \2.SX From Proposition 13.14 to calculate Z, it is enough to compose the h- 
FIOs appearing in f)3.2|) . We will use Theorem IA.7I to make these compositions. As in the 
end of the proof of Lemma 13.51 we have from Lemma 13.21 and Lemma 13.51 

(3.8) f~ J xity-^-^dt^^^Ovia-) 

with compactly supported symbol. 
We recall that, from [7J Remark 2.7], 

(3.9) J{E) G l h 2X1 (R n x R n , A+ x A_') , 

with compactly supported symbol. The manifold (A+ x A_) x A aoexp ( TlH ^ x (Eq) intersects 
T*R n x diag(T*M n x T*R n ) x T*R n cleanly with excess e = 1 and 

(A+ x A_) o A aoexp(TlHp)iX (S ) C A + x A_. 

Then, the composition rules for the /i-FIOs in (|3.8p and (|3.9[) implies that 

(3.10) J{E) J X {t)<r it{P ~ EVh dt \ e iT ^ p ~ E ^ h Op(a~) G I~ ' 2Al " (R n xR n , A+ x A_') , 

with compactly supported symbol. 
Finally, from Lemma 13.21 

(3.11) e- iTl(p - B)//l Op(a+) G Z£(R n x K n ,A Tl '), 

with a compactly supported symbol. Since A^ is given by a canonical transformation, the 
intersection between A Tl x (A+ x A_) and T*R n x diag(T*M n x T*R n ) x T*R n is clean with 
excess e = 0. Moreover 

A Tl o (A + x A_) C A + x A_. 
Then, (|3.2p and the composition of the /i-FIOs appearing in (|3.10p and (|3.1ip gives 

(3.12) Op(a + )lZ(E + iO) Op(a~) G I h 2X1 (R n x R n , A+ x A_') . 

□ 

3.2. Microlocal representation of the spectral function. 

We give here the representation of the spectral function as an oscillatory integral operator 
microlocally near any point (p+,p_) G A+ x A_. The oscillatory integral representation near 
points in A_ x A + is analogous. 

Theorem 3.6. Let (p + ,p_) G A + x A_. Then there exist m G N, a non-degenerate phase 

function ^ G C 00 (R 2n+m ) and a symbol b G S 2n+m 1 (1) such that, microlocally near 

(p+,P-), 

e E (x, y-h)= [ e^^^Hix, y, r; h) dr. 
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Furthermore, if (p + ,p_) £ A + x A_ and the projections it : T*R n — ► W 1 are diffeo- 
morphisms when restricted to some neighborhood of p± in A±, then there exists a symbol 
l- 



b G S 2n 2X1 z (1) such that, microlocally near 

e E (x, y; /») = e^+M+S-fo))//^^ y . ^ 

where 

S±(*) = / l\d±(t)\ 2 + E -V(x ± (t))dt, 

are the actions over the Hamiltonian half-trajectories r y±{z) = (x±,£±) which start at 7r^ (z) 
and approach (0,0) as t — » =Foo. 

Proof. The first part of the theorem follows from [21 Theorem 1] and Theorem 12.21 Assume 
now that 7T| A± is a diffeomorphism in a neighborhood of p±. We will now show that 

(3.13) A± = {(z,±d z S±(z)); z near ir(p±)}, 

locally near p±. We only prove (|3.13|) for A + since the manifold A_ can be treated by the 
same way. Let 

(x+ (t,z), e+ (t, z)) = exp(tH p ) (tt^ (*)) . 
Prom the definition of the Hamiltonian vector field, we have 

d t {u(t,z)d z (x + (t,z))) =z + (t,z)d z (t + (t,z)) - (d x v)(x + (t,z))d z ( x+ (t,z)) 

= l -d z (\i + {t,z)\ 2 )-d z (V{x + (t,z))) 

(3.14) =d z (±\Z + (t,z)\ 2 +E - V(x+(t,z)) 

Moreover, as t — ► —00, we have £+(t, z) — > and 

9 a (a; + (t,2)) = <fll x o dexp(tH p )(d z x + {0, z),d z £+(0, z)) — > 0, 

since (x + (0, z), £+(0, z)) G A + for all z and is a unstable node of H p restricted to A + . Using 
x+(0, z) = z, we obtain 

d z S ± {z) = J° d z ^ + (t,z)\ 2 + E -V(x + (t,z))y s = C + (0,z)d z (x + (0,z))=C + (0,z). 

Since A + = {(z, £+(0, z)); z near 7r(p±)} locally near p + , we get ()3.13p . Then the second part 
of the theorem follows again from [2[ Theorem 1] and Theorem 12.21 □ 

Remark 3.7. From [7, Section 2.2] we have that there exists a neighborhood O, C T*IR n of 
(0, 0) such that the projection ir : T*M n — ► M. n restricted toOn A± is a diffeomorphism. 

4. The scattering matrix 

4.1. Representation of the scattering matrix. 

Here we review the representation of the short range scattering matrix which we shall 
use in the proof of Theorem 12.41 The construction is close to the one used by Robert and 
Tamura [27] and constitutes a semi-classical adaptation of the representation of the short 
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range amplitude originally established by Isozaki and Kitada [T7]. Their starting point is a 
set of WKB parametrices for the wave operators given in (jl.4|) . 

For i?o 3> 0, 1 < d\ < g?3 < d,2 < d\ < do, and < 04 < 03 < 02 < o\ < 00 < 1 Robert 
and Tamura construct phase functions <fr± and symbols (a±j)°^ and (b±j)°° =0 such that: 

i) 3>± G C°°(T*]R n ) solve the eikonal equation 

(4.1) ^|v^±(x,e)i 2 + ^) = ^ 2 

for (x,£) G T-|-(i2o) ^0) io'o) respectively (see (|3,4p for the definition of these sets). 
it) Let A m (Q) be the class of symbols o such that (x, £) 1— ► a(:r, £; /i) belongs to C°°(f2) and, 
for any (a, /?) G N™ x W l and L > 0, 

for all (x,£) G fi. We have, from Proposition 2.4 of |16j . 

(4.2) $±(x, - (x, G Ai_„ (T±(R , d , ±a )) . 
Hi) For all G T*M n 

<9 2 $± 



d xAk 

where djk is the Kronecker delta and e(i?o) ~~ > as i?o — ► 00 • 
iwj (a±j)j and {b±j)- are determined inductively as solutions to certain transport equations 
and satisfy 

a±j G A^ j (T ± (3R ,di,±a 1 )), suppa±j C T±(3R ,d 1 ,±cr 1 ), 

b ±j G A_ j (r±(5Ro,d 3 ,±a 4: )), supp6 ±J - C T±(5R , d 3 , ±cr 4 ). 

Using the Borel process, we can find two symbols a± G Ao(r±(3i?o, di, ±01)) and 6± G 
^o(r±(5-Ro ; ^3 5 ±0-4)) such that a± ~ Y^jLo ^ a±j and 6 ± ~ Yl'jLo h j b±j . 

For a symbol c and a phase function <p, we denote by Ih(c, ip) the oscillatory integral 

(2irh) n J Rn 

and let 

ir± o (/ l )=P(/ i )4(a ±J $ ± )-4(a ± ,$ ± )P (/ i ) 
K ±b (h) = P(h)I h (b±,$±) - I h (b±,$±)P (h). 

The scattering matrix, ot more precisely the operator T{E, h) is then given for E G ] J?, ^ [ 
by (see [171 Theorem 3.3]) 

(4.3) T(E, h) = T +l {E, h) + T-\(E, h) - T 2 (E, h), 
where 

T ±l {E, h) = F (E, h)I h (a±,$±yK ±b (h)F-\E, h) 
and, with Fo(E,h) given in (jl.5p . 

(4.4) T 2 (E,/i) =F (P,/ l )K; a (/ l )^(S + iO,/ l )(^ +fe (/ i )+^_ b (/ i ))F *(£;,/ i ). 
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4.2. Proof of Theorem [231 

Since S(E, h) is a unitary operator on we have, by [5j Lemma 1], that its kernel 

K S {E,h) e S'^- 1 x S™- 1 ) and therefore K r(E:h) £ S^S"" 1 x S'" 1 ' 1 ). 

Since we are working away from the diagonal in S n_1 x S n_1 we can use integration by 
parts, as in [27] and |19j . to obtain 

K T ±1 (E,h) = C , C° (§™- 1 x§™- 1 \diag(S™- 1 x§"- 1 ))(^ 00 )- 

Therefore 

( 4 - 5 ) WF h( K Tn(Ehh )= ' 

We now observe that the proof of |27[ Lemma 2.1] depends only on the estimate (13. ip and 
the support properties of the symbols a± and b±, and by the same method of proof, we obtain 
the following strengthened version of |27[ Lemma 2.1]. 

Lemma 4.1. Suppose (Al) and (A2). For 7> 1, 

i) \\KUh)nE + i0)K +b (h)\\ B{L%<L , } =O(h^) , 

ii) \\K^(h)n(E + ia)(l-Xb)KrtmB(i?^)=0(h°°) , 

Hi) || ((1 - X a) K +a {h)f U{E + iO)x b K_ b (h)\\ B{L2 = 0(h°°) . 



From (|4.5I) . Lemma l4~T] and [5l Equation (10)] we then conclude, as in [27l Corollary, page 
168], that 

(4.6) WFl( X (K s{EM - Cl G)) = ^ 
for every X 6 C°° (S™" 1 x S n-1 \ diag(S n - 1 x S"" 1 )) , where 

(4.7) G(d,uj;E,h) = (K(E + iO)e i *- ( -V" /mu} V h g-(y,uj;h), e i ^+^^ m ^l h g + {x,e-,h)), 

g+(x,9;h) = e- i ^ x '^ e ^ h [ Xa ,Po(h)]a + (x,V2Ee-,h)e l ' s> +^ VIEe ^ h , 

and 

ci = d(n,E,h) = -2iir(2E)^- l (2Trh)- n . 

Here Xa{x) and Xb(y) are C^°(lR n ) functions with value 1 in a large disc. In particular, the 
symbols g + (x,9;h), g-(y,u;h) G S (1) have compact support (uniformly with respect to 
h). Notice that we have used the fact that E — Eq = E±h. 

From (|4.7j) . one can see that G(9,lo; E, h) is the kernel of the operator 

(4.8) g = M* + K{E + iO)M-, 
where M± : L 2 (§ n ~ 1 ) — > L 2 (M. n ) are given by 

K M+ (x,9;h)=e^ x ^ e ^ h g + (x,9;h), 
K M _(x,u;-h)= e^- (y,Vm*)/h g _ {y ^. hy 
The operator M + can be view as an h-YIO 

_ 2n+3 

(4.9) M+ei h 4 (fxr 1 ,^'), 
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with compactly supported symbol (and no phase variable). The canonical relation C + is given 
by 



C + = {(x,i,9,^/2E Q z + ) ] t = d x <S> + (x,^/2E Q 6), 

^/2E~ z + = -d e $+(x, ^2E^0), (x,0) G supp( 5+ ) + B(0,e)}, 

for any e > (see Remark 13. 4p . Notice that dg denotes the derivative on S n . Now we 
calculate more precisely C+. 

Lemma 4.2. We have 



C+ = {(x,S,0,-y/2Ebz + ); 3t G R, (x,t)=i+(t,z+,6,Eo), (x, 9) G supp(<? + ) + -6(0, e)}. 
where 7+(t, z,a, E) is defined in (|1.13p . 

Proof. We set 



Let x be such that (x, \ / 2Eq9) S r + (3i?o, di, <7i). We denote 

(4.11) (y(t,x,9),ri(t,x,0)) = exp(tH p )(x,d x * + (x,9)). 

Remark that (y(t, x, 9), \J2Eq9) stays in F±(Ro,do,ao) for all t > and then the following 
limits exist 

371—1 



(4.12) 

By (14. ID we have 



lim r ] (t,x,9)=r loo G V^jS" 
lim y(t,x,6) - tq^ = yoc. 

f— >+oo 



(4.13) \\a»*±(x,0)\ 2 + V(x) = ±Eo. 
Differentiating with respect to x we obtain 

(d? tX y + )(x,9)(d x -$ + )(x,9) + (d x V)(x) = 0. 
Therefore, the Hamiltonian flow H p is tangent to {(x, d x *$>+(x, 9)); x G R n } and then 

(4.14) ri(t,x,9) = (d x y + )(y(t,x,9),9), 
for all t > 0. In particular, from (|4.2p . 



7700= lim n{t,x,9)= lim + x, #)T P ) 

t— >+oo t— >+oo 



(4.15) =V2E 9. 

On the other hand, differentiating (|4.ip with respect to 9, we get 

(4.16) (dl e V + )(x,9)(d x * + )(x,0)=O. 
Using (|4.14p and (|4.16|) . we obtain 

9t(^*+)(y(t, x, 0), 0) =(^^ + )( y (t, x , 0), 0)£> t y(f, x, 0) 

=(^ + )( 2/ (t,x,0),%(t,x ) 0) 

=(^ )fl * + )(y(t, x, 0), 0)(a^ + )(y(t, x, 0), 9) 
=0. 
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Now AMD and (fl~12D yield 

= lim v^lWt, x, 0) + 0{\y(t, x, 6)^) 

(4.17) = v / 2^rvy 00 , 

where is the orthogonal projection on the hyperplane orthogonal to 8: 

H s ±x = x — (x,8). 

Finally, let (x, £, 9, —\/2Eqz+) G C+. The asymptotic momentum and position (|4.12p of 
the Hamiltonian curve (|4.1ip were calculated in (|4. 15 j) and (|4.17p . Then, there exist t G R 
such that 

(x, V x <S> + (x, v 7 ^)) = 7+(*, 8, n e xyoo, E ), 
and, from (|4.10p . we conclude 

= l+(t,0,z + ,E o ). 

□ 

The same way, 

2n + 3 

(4.18) M-€l h 4 (K n x S^.CL'), 

with compactly supported symbol (and no phase variable). The canonical relation C_ is given 
by 

C_ = {(y,ri,u,-y/2Ehz-)\ 3t EM, (*/,77) =i-(t,Z-,LO,E ), (y,u) G supp(#_) + B(0,e)}. 

Let now ((9°, z° , w°, z° ) G Afx~A_° be as in TheoremEU Let /3 ± G C,f (T*^ 1 ) with /3 + 
(resp. (3-) supported in a small neighborhood of (9 , z+) (resp. (u , z_)) and equal to 1 near 
{9°,z<l) (resp. (uj°,z°_)). From ([O]) and (|4T8j) . we have 

Op(P + )S{E, h) Op(/J_) = ci Op(/5+)7W;^( J E + iO)M_ Op(/J_) + i2, 

where = 0(h°°) in B(L 2 ,L 2 ). Let now a± G C£°(T*R n ) supported near 

n± = c± o sup P (/?±) p| (il, supp <?± x ra n ) , 

and equal to 1 near this set. Then, the composition rules for /i-FIOs implies 

(4.19) Op(/3 + )S(E, h) Op(/?_) = a Op{f3+)M* + Op{a + )H{E + *0) Op(a_).M_ Op(/3_) + R, 
where i? = 0(/t°°) in B(L 2 ,L 2 ). 

Note that iV_|_ is arbitrary close to 

Nl = { 1+ (t,9°,z° + ,E y, t GR}P(n a;S upp 5+ xra"), 

and iV_ is arbitrary close to 

n° ={^(t,io°,z _,E y, t Grajp^supp^ xra n ). 

Every (p+,p_) G x iV° is in A^JT^Ta. because (8°, z° + , w°, z° ) G A^Ta^. Up to a finite 
summation in (p + ,p_) since n^suppg-i- is compact, we can assume that a± is localized in 
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a small neighborhood of such (p + ,p_). To prove the theorem, we will compose the /i-FIOs 
appearing in the formula (14. 19f) . 

The manifold (A+ x A_) x C- intersects T*R n x diag(T*M n x T*R n ) x T^S™" 1 cleanly with 
excess e = 1 and 

(A+ xA>C_ C A+ x A^°. 
Then the composition rules between the /i-FIOs 

Op(a + )K(E + i0) Op(o_) G l h 2X1 (K n x E n , A + x A. J), 
with compactly supported symbol (see Theorem 12. 2j) . and 

2n+3 

M- Op(/?_) G 2"^ 4 (R n x S ft -\C_'), 
with compactly supported symbol (see (|4.18|) ). gives 

v™ \ ■ 

3-2n ±J=1 3 

(4.20) Oip(a+)lZ(E + iO) Op(a_).M_ Op(/3_) 4 2Al (R n x S n_1 ,A + x A™'), 
with compactly supported symbol. 

But now, taking the adjoint of (|4.9|) . we obtain 

2n+3 

(4.21) Op(/3+)7W; G l h 4 (S^xR",^ 1 '), 
with compactly supported symbol. Here 

C+ 1 = {(9,z,x,0; (x,^,9,z)eC + }. 

The manifold C+ 1 x (A+ x A^°) intersects I^S" -1 x diag(T*R n x T*R n ) x T*^' 1 cleanly 
with excess e = 1 and 

C+ 1 o (A+ x A^°) c A^° x A^°. 
Then (|4. 19[) and the composition rules between the /i-FIOs (|4.20[) and (|4.2ip gives 

1 £j = l X 3 

(4.22) Op(p+)S(E,h)Op(j3-) €1% 2Al (S n_1 x S^A^ x A 00 '), 
and this statement is Theorem 12. 



4.3. Proof of Theorem [2751 

We explain briefly how to obtain from the preceding arguments the structure of the scat- 
tering matrix given in Theorem 12.51 It is clear that (|4.19p holds also in the present case, and 
we have first to analyze the structure of the resolvent 7Z(E + £0), or more precisely that of 

Op(a+)K(E + iO) Op(a_), 

where a± G Co°(T*R n ) are now microlocally supported respectively near p_ G p~ 1 (Eq) and 
p + = exp(TH p )(p-) for some given T. 

As in Proposition 13. 1[ one can see that 

Op(a + )K(E + iO) Op(a_) = Op(a + ) J X {t)e~ it{p - E)/h dt Op(a_) + R, 

with ||-R||b(l 2 ,l 2 ) = 0(h°°), for some x £ Co°(]0>2T[). From Lemma [3.31 (see also Remark 
13. 4p . we then know that 

(4.23) Op{a + )TZ(E + iO) Op(a_) G jJ /2 (R n x M n , A(£ )') 5 
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where 

A(E ) = {(x,£,y, V ) € T*R n x T*R n ; p(x,Q = Eq, 3t G K, (z, £) = exp(W p )(y, 77)}. 

The scattering matrix is given by (|4,19p . Proceeding as in the previous section and using the 
fact that 

C+ 1 o A(E ) o C- C5K(E ), 

we obtain the theorem. 

5. MlCROLOCAL REPRESENTATION OF THE SCATTERING AMPLITUDE 

Here we discuss the representation of the scattering amplitude as an oscillatory integral 
implied by Theorem 12.41 We also show that this leads to an integral kernel representation of 
the scattering amplitude. 

For a G § n we define the Lagrangian submanifolds A± C T*R n by 



A« = {p G T*R n ; lim £(i,p) = V2E a}, 

t— >±oo 

and the (modified) actions S± over the trajectories j± = (x±,£±) C A± as 

/oo 
\Z±(t)\ 2 -2E l ±t>0 dt. 
-00 

We now have the following 

Lemma 5.1. Let ujq,9q G § n_1 be such that A~ intersects A_ transversally in p~ 1 {Eq) and 
intersects A + transversally in p -1 (Eq) . Then 

i) there exist open sets C with wo € O" and 9q G (9 + such that for every u> G 0~ 
and every G + the intersections of A_ with A~ and of A + with A^ are transverse in 
P '(/••ni. 

ii) there exist numbers N± G N such that for every uj G O there are exactly N- trajectories 
7^ (cj) in A„ with initial direction uj and for every 9 G + there are exactly N + trajectories 
7+(0) in A + with final direction 6. 

in) for k G {1, . . . , AL.} and £ € {1, . . . , N + }, let z^uj) and zi_(9) be the impact parameters 
of the curves 7_(w) and 7+(0) defined in (|1.12|) . Then uj — > z^(uj) and 9 — > zi_(9) are 
C°° functions in O^. 

We can now define the open sets 

A sk = {(uj,- v / 2Ehz k (uj)) e^S™- 1 ; uj G O } C A°° , 

a 5 ^ = {(e,-^/2E^z £ + (e)) g r*s n_1 ; fleo+}c a^°. 

Of course, the restrictions to A S k and to A s t of the projection ir : r*S n_1 — > S n_1 are 
diffeomorphisms. 

Proof. Let po G A+ n A^. Then, there exists a C°° function / : p^ 1 {E Q ) -> defined 
locally near po such that, for p near po, 

p G A + ^ /(p) = 0, 
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and the differential of / is of maximal rank. The same way, since A^~ depend smoothly on 9, 
there exists a C°° functions g : p~ 1 (Eq) x S™ -1 — > R n_1 such that 

pG A+ ^ g(p,6)=0. 

and the differential, with respect to p, of g is of maximal rank. 
Now we define 

F : / p _1 (£b) x S"- 1 — > M 2n ~ 2 

and we note that 

^A + nA+^%fl) = 0. 

Since the intersection A + n is transverse, the differential of F, with respect to p, is of 
maximal rank for 9 = 9q. By continuity, this property remains true for 9 near 9q and 0]) 
follows. 

In particular, up to a reordering of the coordinates, we can assume that d p 'F(p, 9) is invert- 
ible for (p, 9) in a neighborhood of (po, 9o). Here p' denotes the 2n— 2 variables (p2, ■ ■ ■ , P2n-i)- 
Then, by the implicit function theorem, there exist a C°° function G:Rx S n_1 — ► M 2n ~ 2 
such that 

P eA + nA+^p' = G( Pl ,9). 

Thus, for 9 fixed, A + n A^" is locally a one dimensional manifold. Since A + n At is necessarily 
stable by the Hamiltonian flow, A + n A^" is locally a unique Hamiltonian curve and 

p G A+ n A+ <=^ 3t G M, p = exp(tH p )( Po ^,G(po,i,9)), 

locally near po (here, po,i can be replaced by any real close to this value). Then[n]) follows 
from a compactness argument on A + n {\x\ = e}. 

Let now z l + {9) be the impact parameter of the trajectory t i— > exp(tH p )(pi^,G(pi i o,9)) 
defined in (|1.12p . From (jl.lOp and the fact that G is smooth, is an C°° function in + 

if + is a small enough neighborhood of #o- D 

For m G {1,...,N + } or m G {1, ...,7V_} and G + or oj G we shall use the 
superscript m to denote objects related to the unique trajectory 7™ with final direction 9 or 
initial direction to. In particular, we let S™(0), 9 G + , denote the (modified) action, given 
by (|5.ip . over the m-th trajectory with final direction 9. With S™(tu) for uj G 0~ defined 
mutatis mutandis, we now have the following lemma which is analogous to Lemma 5] and 
Equation (|3.13p . 

Lemma 5.2. For m G {1, . . . ,N±}, we have A 5 m = {(a,±d a S±(a)); a G ± }. 

Proof. We will only calculate A^f , the case of the manifold A S k can be treated the same way. 
Here, we will use the notation 

x + (t,9) = x + (t,9,z e + (9)) 
Z + (t,9)=H + (t,9,zi(9)). 
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We recall from [6, Equation (7.11)] that 

/+oo 
\C+(s,9)\ 2 -2E l s>0 ds 

(5.2) = -S e + (d)+ f \£ + ( S ,e)\ 2 ds. 



From Lemma 14.21 and Lemma 15.11 

(5.3) A si = {(0,(dg* + )(x+(t,0),9)); eeo + }, 
for any t G R. Combining (|4.14p and (|5.2p . we obtain 

(d *+)(x + (t,e),e) =d (y + (x + (t,e),d)) - (d^ + )(x+{t,9),9)d e (x+(t,9)) 

(5.4) =-deS e + (9)+ [ d e (\^ + (s,9)\ 2 )ds-^ + (t,9)d e (x+(t,9)). 



Since the energy is constant on the Hamiltonian curves, we have, as in (|3.14j) . 

dt{s + <t,e)do{x+(t,e))) =£+(t, W(£+(t,0)) - (d x v)(x+(t,e))d e (x + (t,9)) 

=±d e {\Z + (t,9)\ 2 )-d e (V(x + (t,9))) 

=\d e (\C+(t,9)\ 2 )-d (Eo-^ + (t,O)\ 2 ) 
(5.5) =d e {\U(t,9)\ 2 ). 

Moreover, as t — * — oo, we have £+(i, 9) — > and 

d {x+(t,9)) = dH x odexp(tH p )(d e x + (O,9),d e ^ + (O,9)) — ► 0, 

since (x+(0, 0), £+(0, 9)) G A + for all 9 and is a unstable node of H p restricted to A + . Then, 
([53]) yields 

£ + (t,e)d {x+(t,e))= I d e {\U{s,9)\ 2 )ds. 



Using this equality, the lemma follows from (|5.3p and (|5.4p . □ 

We now have the following 

Theorem 5.3. Let E = E + hE 1 , with E x g] - C , C [ for some C > 0, and a; , 9° G S™" 1 
satisfy uj° ^ 9°. Then 

1 £-3 = 1 3 i m 

i) for every (9°, z\,uj°, z°_) eA^xA M there exist m G N, a symbol a G S^ n+m 2 ^ 2 (1), 
and a non-degenerate phase function <p G (J 00 (M. 2n+m ~ 2 ) such that, microlocally near 

(0°,4,„V°), 

A(E,h)(9,u)= [ e i(p ( e '"' T V h a(9,u,T;E,h)dT. 



24 IVANA ALEXANDROVA, JEAN-FRANQOIS BONY, AND THIERRY RAMOND 

ii) Assume that A~ intersects A_ transversely and A^j~ intersects A + transversely. For every 

(#°, z° , z° ) G x A^°, there exists a symbol a G 5' 2n _ 2 1 (1) such that, microlo- 
cally near (6°,zI,uj ,z _), 

A(E, h) (9,u) = e l(s +^ +s - ^/ h a(9, u\ E, h) , 

where S+(9) and S- (u>) are the actions defined before Lemma \5.2\ associated to the paths 
in A+ n Ag and A_ n A~ close to j + (t, 9°, z+, E ) and j-(t, u°, z°_,E ). 

in) Assume O n + = and {g + (p + ), g-(p-)) / for all (p + ,p-) G A + x A_ such that 
±lim^ ±00 £(t,p±) G y/TE^O*. Let be the number of (w, 9) -trajectories. For j G 
{1, . . . , A r oc }, k G {1,...,N-} and £ G {1, . . . , N + }, there exist mj,mk,£ G N, non- 
degenerate phase functions 

<Pj G C°° (8 n - 1 x S™- 1 x R m i) and <p k>£ G C°° (S"" 1 x S™- 1 x M mfc ^) , 

and symbols 

a i G * S 2T-2+m,( 1 ) aild a M G ^2n-2+rn fc , f CO) 

such that 

A(E,h)(9,u) =V / e i ^ { - e ^^' h a j {6,uj,T-E,h)dT 



i=i' 



+ VV / e i ^ e ^' T)/h a ke (9,L0,T;E,h)dT + 0(h co ). 



k=l l=\ 

Proof, i) The first part is a direct consequence of Theorem 12.41 and [21 Theorem 1] . 

ii) The second part follows from Theorem 12. 4\ Lemma 15.21 and [2J Theorem 1]. 

Hi) To establish the last part of the theorem, it suffices to prove that WFl(A(E, h)) = 0. 
Recall the representation (|4.3p of the scattering amplitude. From \27\ page 166], we have, in 
the sense of oscillatory integrals, 

K T±1 = J e^ ±{e ^ x)/h k ±b (x,V2Eto-,h)a^(x,V2E9-,h)dx, 

with k± b = e" i *±/ /l ( -^-A + V - |C 2 )e i#±//l 6± G A-t and ifi ± (6,w,x) = <Z>±{x,V2Euj) - 
$+(x,V2E9). Since O+nO" = 0, there exists C > such that |<9 X V±| > C for (<9,w) G 
+ x 0~. Then, integrating by parts with respect to x, we see that the distribution Kt ±1 is 
a C°° function on + x O - . Moreover this function and all its derivatives are bounded by 
0(h°°). Therefore, 

(5.6) W^(K T±1|o+xo _)=0. 

From (|4.7p . it is clear that (0, u;) G(#, w) is C°° with respect to (6, u). In some coordinate 
chart and for any f+(9), f-(uj) in C^°(IR n_1 ) supported in this chart, we have 

\(F h (J+f-G))(t,ri)\ = [ff e- i « e+ ^/ /l e- i *+( :r '^ e )/V+^(e i *- (2/ ' V ^ a;3/ ' l /-5-) dxcWdw 
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for £,77 G IR n . For |£| large enough, we have 

\d e (te + $+(x,VW)0))\Z(O, 

on the support of (f+. The same way, for \rj\ large enough, we have 



on the support of g_. Then, performing integrations by parts with respect to 9 or a;, we 
obtain |(J r h (/ + /_G))(f,^)| = e>(/i°°(£, r/)-°°) for (£,r/) large enough, and then 

(5.7) W^(G) = 0. 

To treat, now, the terms in (|4.4[) containing the operators whose norms are estimated in 
Lemma |4.H we use the following lemma, the proof of which we present later. 

Lemma 5.4. Let T G B(L 2 _ 7 (R n ), L 2 y [R n )) satisfy \\T\\ B{L 2_ i2) = 0(h°°) for all 7 > 1 and 
let E > 0. Tiien 

From (|4.3p , (|5.6p , (|4.4[) , (j5.7jl , Lemma 14.11 and Lemma 15.41 we now conclude that 

(5.8) WFl(A(E,h)) = $. 

For j G {1, . . . , iVoo} we now let SlZj(Eo) denote the scattering relation near the j-th 
(uj, #)-trajectory, defined in (11.17P and indicated in Figured! From Theorem 12.51 

S(E,h) G 2^ (S™- 1 x S" -1 ,^-^)') , 

microlocally near the limit points of the j-th (uj, #)-trajectory. From (|5.8p . it is enough to 
know the scattering amplitude microlocally in a compact set. Then, the conclusion of the 
theorem follows from these observations, (II. 7p . Theorem 12.41 and [21 Theorem 1]. □ 

Proof of Lemma \5.4\ In some coordinate chart and for any f+(6), f— (uj) in C^ 3 (M. n ~ 1 ) sup- 
ported in this chart, we have 

=c 2 fff e -m+V2Exe)/h f+ ^ T ^(V2Ey^n)/h f _^ dxdedu , 

with c 2 = (2-Kh)~ n (2E)^ . In particular, for a,/3 G N n ~\ 
{ a TfK(t, V ) = c 2 JJJe~^\-ihd e r{e~^ d / h f + (8)) 

T(e-^ h {-ihd^f(e i ^ y ^ h f^(u)))dxd9du, 

We remark that 

e-^/\-ihder{^ iVMxe/h f+(d)) e ^/2_i_ H CRS), 

uniformly with respect to h,£,r),0,uj. Combining ||T||e/£2 ^2 \ = 0(h°°) with 

— n/2— 1— ' n/2+l+|a|'' 

these estimates and the compacity of S n_1 , we get 

i a ^K(i,ri) = 0(h°°), 
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uniformly in £, rj and the lemma follows. □ 

Remark 5.5. It is clear that all estimates in the above proof can be made uniform in the 
energy if that is allowed to vary in a bounded set. 

Appendix A. Elements of semi-classical analysis 

A.l. Semi-classical distributions. 

Here we recall some of the elements of semi-classical analysis which we use along the paper. 
A family {uh)he\0M] °f distributions in V'iW 1 ) is called a semi-classical distribution when 

Vxe^tn 3iVGN, F h ( X u)(0<h- N (0 N , 
where Th is the /i-Fourier transform 

Mxu)(0= [ e- ix </ h X u(x)dx. 

The space of semi-classical distributions is denoted D' h (W l ). We define the semi-classical 
wavefront set of u = (v,h) G T>' h (M n ) as follows. 

Definition A.l. Let u G V' h {W l ) and let {x , Co) G r*R n ur*S n_1 . We shall say that (x , Co) 
does not belong to the semi-classical wavefront set of u if: 

• If (xq, Co) £ T*R n : there exist x £ Cq° (R n ) with x (xq) / and an open neighborhood 
U of Co, such that VN G N, V£ G U, 

\Fh(xv) (0\<C N ,uh N . 

We shall denote the complement of the set of all such points by WFl (u) . 

• If (xo, Co) G T*S n_1 : there exist x £ Co° 0^ n ) w ^ X i x o) 7^ and a conic neighbor- 
hood U of Co, such that VN G N, VC G ?7 n { |C| > ^} for some K > 0, 

We snail denote the complement of the set of all such points by WF^{u). 

We shall further use WFh (u) = WFl (u) U WF^ (u) to denote the semi-classical wavefront set 
of u. 

A family (uh)he]o,h ] °f temperate distributions in S'(R n ) is called a semi-classical temperate 
distribution when, for some N G R, 

(x,hD)- N u = 0{h- N ), 

in L 2 (R n ). The space of semi-classical temperate distributions is denoted 5^(R n ). 
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A. 2. Pseudodifferential operators. 

We now define briefly the semi-classical pseudodifferential operators (see the book of Di- 
massi and Sjostrand [8j). A positive function m : R p —►](), +oo[ is called an order function if 
there exists C > such that 

m(X) < C{X -Y) c m(Y), 

for all X,Y G W. We denote by Sg(m) the set of (families of) functions a(X; h) G C°°(W) 
such that, for all a G N p , 

d%a(X;h) = 0{h- q m(X)). 

If a(x,£; h) is a symbol of class 5| n (m), we define the /i-pseudo differential operator, in Weyl 
quantization, Op(a) with symbol a by 

(A.l) Vu E S(R n ), (Op(a)u) (x) = J f e «*-»W h a(^,t-,h)u(y)dydt, 

extending the definition to S' (R n ) by duality. We also denote by ^ q (m) the space of operators 
0p(5| n (m)). 

We extend these notions to compact manifolds through the following definition of semi- 
classical pseudodifferential operators on compact manifolds. Let M be a smooth compact 
manifold and kj : Mj — > Xj, j = 1,...,N, be a set of local charts. A linear continuous 
operator A : C°°(M) -> V' h (M) belongs to M) if for all j G {1, . . . , N} and u G C£°(Mf) 
we have An o kJ 1 = Aj(uo kJ 1 ) with A,- E $> q (l), and xi^X2 : 2?^(M) -> h 00 C 00 (M) if 
suppxi H suppx2 = (see [101 Section E.2] for more details). 

A. 3. Microlocal Properties. 

We can now define that we mean by "microlocally" . We will only work on M n . Using the 
previous paragraph, this definition can be extended to the case of compact manifolds. 

Let u,v G 5^(lR n ). We say that u = v microlocally near a set U C T*M n , if there exist 
a G <S (1), a = 1 in a neighborhood of U, such that 

Op(o)(u-u) = 0(h°°), 

in L 2 (R n ). We also say that u G 5^(M n ) satisfies a property V microlocally near a set 
U C T*R n if there exist v G 5^(]R n ) such that u = v microlocally near U and v satisfies 
property V. 

Definition A.2. Let A,B : L 2 (R n ) -» L 2 (M m ) be linear operators bounded by 0(h~ N ), 
N > and (p, p) G T*R m x T*M n . We say that 

A = B microlocally near (p,p), 

if there exists a G C$°(T*R m ) (resp. [5 G C^{T*R n )) equal to 1 near p (resp. p) such that 

Op(a)(B-A) Op((3) = <D(h°°), 

in B(L 2 (R n ),L 2 (R m )). 
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A. 4. Semi-classical Fourier integral operators. 

We now define global semi-classical Fourier integral operators. For the general theory of 
the FIOs in the classical setting, we refer to Hormander [15, Section 25.2]. The theory of the 
semi-classical FIOs can be found in the books of Ivrii [181 Section 1.2], Robert [25], in the 
PhD thesis of Dozias [9j or in the article of the first author [2] . We will develop with theory 
in R n . Using local charts, the following definitions and theorem can easily be extended to the 
case of compact manifolds. 

Let <p(x,y,9) G C°°(0) where ft is an open set of R m + n + d , We say that tp is a non- 
degenerate phase function if dip ^ everywhere in ft and, for all (x, y, 9) G C v with 

C tp = {(x,y,9) Gft; d e <p = 0}, 

the d differentials dd$ t <p, . . . , dde d p are linearly independant. 

If ip is a non-degenerate phase function, C v is a (m + n)-dimensional manifold and 

j v ■ j C v — ► T*R m x T*R n 
\(x,y,0) (x,d x <p,y,d y <p) 

is locally a diffeomorphism whose image is a Lagrangian manifold for the symplectic form 
d£ A dx + dr\ A dy and (y,n) are the standard coordinates on T*R m and T*R n ). We 

note A v =j (p (C ip ). 

Definition A. 3. A submanifold A C T*R m x T*W n is a canonical relation if A is a Lagrangian 
manifold for the symplectic form d^ A dx — dn A dy. 

A canonical relation A is given by a canonical transformation if there exists a symplectic 
diffeomorphism « : T*R n -> T*R m such that A = graph(K). 

As usual, if A C T*R m x T*R n , we note 

= {(x,Z,y,-T)); (x,£, y, rj) e A}, 

the subset of T*R m x T*M n . In particular, for a non-degenerate phase function (p, the manifold 
A^ is a canonical relation (if 99 is restricted to a small set). 

Definition A.4. Let r G R, A be a canonical relation from T*R n to T*R m and A : L 2 (R n ) -> 
L 2 (R m ) be a linear operator bounded by 0(h~ N ), N > 0. Then, A is called a h-Fourier 
integral operator (h-FIO's) of order r associated to A and we note 

A£l r h {R m x R n , A'), 

if, for all (p,p) G T*R m x T*R n , A is equal to 

(A.2) h- r -^-i [ eW x > v M h a(x,y,9]h)dB. 

JeeR d 

microlocally near (p,p). Here, the symbol a G ^ (1) has compact support in the variables 
x, y, 9 (uniformly with respect to h). The function p is a non-degenerate phase function 
defined near the support of a with A v ' C A. 

A h-FIO A will be called a h-Fourier integral operator with compactly supported symbol 
if, modulo an operator 0(h°°) in B(L 2 (R n ), L 2 (R m )), A is a finite sum of operators of the 
form CE|. 
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Lastly, we give the composition law for /i-Fourier integral operators (see e.g. [9] for the 
proof). The following theorem is a semi-classical version of Theorem 25.2.3 of Hormander 
|15j . Since all the /i-FIOs which appear in this paper (except the one in Lemma |3.2|) have 
compactly supported symbol, we give the composition law only in that case. 

Let A 1 G l h (R m x R n ,Ai') and A 2 G X r h 2 (R n x W,A 2 ') be two /i-FIO's with compactly 
supported symbols, associated with A 1 C T*R n x T*R rn and A 2 C T*R rn x T*R P respectively. 
We set 

X = T*R n x T*R m x T*R m x T*R P 
y = AixA 2 c! 

Z = T*R n x diag(T*R m x T*R m ) x T*R P C X. 

Definition A. 5. We say that Y and Z intersect cleanly ifYCiZ is a manifold and T p (YnZ) = 
T p Y n T p Z at each p G Y H Z . The excess of the intersection is 

e = dim X + dim Y f~) Z — dim Y — dim Z. 

Let 

(A.3) 7T : Y n Z -> T*R m x T*R P , 

be the natural projection. The image of ir is 

A 2 o Ai = {(p 3 ,Pi) G T*R m x T*R p ; 3p 2 G T*R n , (p 3 ,p 2 ) G A 2 and (p 2 , Pl ) G AJ. 

Definition A. 6. We say that F and Z intersect connectedly if, for all 7 G T*R m x T*R P , 
the set 7r^ 1 (7) is connected. 

When Y and Z intersect cleanly and connectedly, the set A20A1 is a Lagrangian submanifold 
of T*R m x T*R P . In general, the intersection Y Pi Z is also assumed to be proper. This means 
that 7r, defined in (1A.3|) . is proper. But since A\ and A 2 have compactly supported symbol, 
we don't have to make such hypothesis. 

Theorem A. 7. Let A\ G 2 h (R m x R n , Ai') and A 2 G 2£ 2 (M n x 1?,A 2 ') be two h-FIOs with 
compactly supported symbols. If Y and Z intersect connectedly and cleanly with excess e, 
then 

A 2 oA 1 e l r h 1+r2+e/2 (R m x R p ,A 2 o Ai'), 
is a h-FIO with compactly supported symbol. 

As stated in [15, Page 18], the hypothesis U Y and Z intersect connectedly" is made to avoid 
self-intersections of A 2 o A\. In particular, this assumption can be replaced by li A 2 o A% is a 
manifold". Note that all the compositions in this paper satisfies this last statement. 
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